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Abstract 

Using the K-symmetric action for a D3-brane, we study the interaction between 
its world-volume fermions and a bosonic type IIB supergravity background preserving 
4-dimensional Lorentz invariance. We find that the renormalizable terms in the action 
include only coupling between the fermions and the 3-form flux in the combination 
(*6G( 3 ) — £Gr(3)) ; which is zero for a class of supersymmetric and nonsupersymmetric 
solutions. We also find the magnetic and electric dipole moments for the fermions, 
which are proportional to the derivative of the dilaton-axion. We show that differ- 
ent gauges to fix the ^-symmetry give the same interaction terms, and prove that 
these terms are also SL(2, R) self-dual. We interpret our results in terms of Af = 1 
supersymmetric gauge theory on the D-brane. 
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1 Introduction 



Since the realization made by Polchinski in 1995 that D-branes carry Ramond-Ramond 
charges PJ, they have been considerably studied (see for example for a review). Neverthe- 
less, we still lack of a full understanding of the action governing their dynamics. 

The low energy effective action of a bosonic Dp-brane is the sum of the Born-Infeld and 
Wess-Zumino terms. These describe the dynamics of the bosonic massless fields on the D- 
brane in a general supergravity background, when the fields vary slowly compared to the 
string scale. The supersymmetrization of this action has been worked out by different groups 
@ - [^]. The supersymmetric action looks exactly like the bosonic one, but in the former case 
the brane lives in superspace, and every space-time field is promoted to a superfield. The 
explicit form of the action is given in terms of the background supervielbein and super NS-NS 
and R-R gauge fields. Such as it is, it's difficult to extract information about the dynamics 
of the world-volume fermionic fields with the purpose of studying D-brane phenomenology. 

Explicit fermionic dependence to all orders in the fermions have been obtained in flat 
space in |J and ||, and in AdS$ x S 5 in |]. In this paper we wish to obtain the explicit 
coupling of a type IIB supergravity background with nontrivial dilaton-axion and both 5 
and 3-form fluxes to the world- volume fermions on a D3-brane, to second order in the latter. 
This is important for any understanding of brane-world models both in supersymmetric and 
nonsupersymmetric backgrounds. It is also indispensable if we wish to know the long range 
fields created by a particular D3-brane polarization which, as we will see, has 3-form flux 
besides the known self-dual 5-form flux. 

An expansion of space-time superfields in terms of component fields for a general back- 
ground was carried out in ||, following a method known as gauge completion, proposed 
in [|K|. This made it possible to obtain the explicit linear coupling between world- volume 
fermions and a IIA supergravity background for a DO-brane. The action obtained this way 
was checked by an independent method relating it to the matrix description of M-theory. 
We will perform the corresponding expansion for the IIB case. 

In fact, we will obtain the action for the world- volume fermions by three different meth- 
ods: from the known renormalizable 4-dimensional actions with M = 1 supersymmetry 
supplemented by 10-dimensional covariance and the relationship found in jTTJ between the 
3-form flux and the field theory superpotential; from a direct calculation along the lines of 
Tcfl , and from T-duality of the DO-brane action worked out in ||. The actions obtained by 



the three different methods agree, providing a nice and useful result for future use. 

The rest of the paper is organized as follows: in Section 2 we find the possible couplings 
between world-volume fermions and background fields from 10-dimensional covariance, 4- 
dimensional Lorentz invariance and gauge invariance. In Section 3 we find these couplings for 
a supersymmetric background corresponding to N D3-branes plus a 3-form flux perturbation, 



worked out in [11|. We also show that any smooth deformation of this background lies in a 



particular class of solutions studied in [TlJ-irjI]. In Section 4 we perform the expansion of the 



superfields in terms of component fields, and find thereof the desired interaction terms from 
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the supersymmetric D3-brane action. The results obtained are checked in Section 5 with the 
action obtained by T-dualizing the DO-brane action. In Section 6, we interpret the results in 
terms of the 4-dimensional field theory on the D3-brane. We state our conclusions in Section 
7, and show in the Appendix the conventions chosen and the supergravity equations used. 

2 Action from 10-dimensional covariance 

We want to find the renormalizable terms in the action that represent the coupling between 
the fermionic fields on a D3-brane and a bosonic type IIB background. The massless bosonic 
fields of the type IIB superstring theory consist of the dilaton 0, the metric tensor Gmn and 
the antisymmetric 2-tensor Bmn i n the NS-NS sector, and the axion C, the 2-form potential 
Cmn, and the four- form field Cmnpq with self-dual five- form field strength in the R-R sector. 
Their fermionic superpartners are a complex Weyl gravitino ipM (T w ip M = —ipu) and a 
complex Weyl dilatino A (T 10 A = A). The theory has D = 10, M=2 supersymmetry with 
two Majorana-Weyl supersymmetry parameters of the same chirality Sip (r 10 ^!^ = —£1,2)- 
These two spinors are usually combined in the supergravity literature into a complex Weyl 
spinor. The two scalars C and <fi can be combined into a complex field r = C + ie~^ which 
parameterizes the SL(2,TV)/U (1) coset space. 

We are interested in backgrounds that preserve Lorentz invariance on the world- volume 
of the D3-brane, which lies in the 0123 coordinates (henceforth called //, v...). Consequently, 
we will assume a background geometry of the warped form: 

ds 2 = Z-^rj^dx^dx" + Z l ' 2 dsl , (1) 

where the 6-dimensional space is a complex manifold M, labeled in each patch by complex 
coordinates z % , % — 1, 2, 3. 

To preserve 5*0(3, 1) invariance, the 5- form field strength has to be: 

^5 = dxA + * dx4 , X4 = f{x m ) dx° A dx 1 A dx 2 A dx 3 (2) 

where / is a function of the orthogonal coordinates x m . There will be generically nonzero 
NS-NS and R-R 3-form fluxes orthogonal to the D3-brane. 

The low energy fermionic degrees of freedom on the world-volume are the massless 
open string Ramond states, forming a 10-dimensional Majorana-Weyl spinor ©. From 10- 
dimensional covariance and gauge invariance, we can guess the form of the interaction be- 
tween and the background fields. From gauge invariance, we know that the field strengths 
and not the potentials should be involved in the Lagrangian. The R-R 3-form field strength 
-F 3 and the NS-NS H 3 will be combined in the complex 3-form G^y. 

G(3) = F( 3 ) -tH(S) (3) 
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which can have all (3, 0), (2, 1), (1, 2) and (0, 3) pieces with respect to the complex structure 
defined on M. This field might couple to through a term like 

er mno eG mno (4) 

We expect the axion and dilaton to appear in the form: 

er m e d m r (5) 

and the 5-form field strength as: 

VtMsopqq Fmnqpq (6) 

where we have used capital letter indices to indicate that these run over the whole 10-d 
space. We can already rule out two of these interactions, namely @ and @, from the 
anticommutation relations and the Majorana property of 0. For a 32-component Majorana- 
Weyl spinor, the only nonzero fermion bilinears are 

QY MNP Q qy mnpqrst Q (7) 

so we are left only with the possibility outlined in of the world- volume fermions directly 
coupling to G(3). 

The Majorana- Weyl spinor in the 16 of 50(9, 1) splits into (2, 4) + (2, 4) of 50(3, 1) ® 
SO (6). This means that there are four 4-dimensional spinors, three fermions A* in the Af = 1 
chiral multiplet and a gaugino ip in the M = 1 vector multiplet. The 32 x 32 Dirac gamma 
matrices can be decomposed as 

P 1 = 7 ^ ® 1 , T m = 7(5) ® 7 m (8) 

where 7 M and 7 m are Dirac gamma matrices corresponding to 5*0(3, 1) and 5*0(6) respective- 
ly For the 50(6) matrices, it is convenient to group them into complex holomorphic and 
antiholomorphic ones. The spinors are eigenstates of 5« = 7*7' — | with eigenvalues ±| . 
The fermions A* are built with 50(6) spinors that have positive (negative) Si eigenvalue 
and negative (positive) Sj,j 7^ i for the 4 (4) representation. The gaugino is built from the 
spinor that has all positive (negative) Si eigenvalues. 

There are two independent 50(3, 1) ® 50(6) invariants that we can build out of GV3), 
namely the one in Eq.(^) and another one with a power of 7(5) inserted. Then, in 4- 
dimensional terms, the coupling to the background Gr^ field is: 



a 7(5) r m ™ o G mno + b 0r m "°0 G mno ~ (a + b) {^G m + A'A^- + \^G t] 

+ (a - b) (^GLg + A T A T 5ij + AVGL J ) (9) 
where 5^ involves the (1,2) piece of Gr$\ in the symmetric combination: 



Sij ~ 2 [fiklGjkl + tjuGiki) (10) 
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and e is the orthogonal frame epsilon, with values ±1. 

For backgrounds that do not preserve Lorentz invariance there would be additional pieces 
in the couplings (|S|), namely those where the 3-form flux has one, two or three indices along 
the D3-brane. We have restricted ourselves to Lorentz-invariance preserving backgrounds, 
so we will not see the effect of those possible terms. 

The gaugino mass is then proportional to the (3,0) piece of G73), the mass matrix for 
the fermions in the chiral multiplet is given by the (1, 2) piece, and the coupling between 
them by the nonprimitive (2, 1). In the next section we will interpret this in terms of M = 
1 supersymmetry. 



3 Interaction Lagrangian from M = 1 supersymmetry 

A perturbation expansion in powers of around the black D3-brane solution (|l])-(|2|) was 
carried out in [IT], with ds\ the flat metric, / = — ^ and a constant dilaton. In order to 
preserve Af—1 supersymmetry, the first order 3-form flux, has to obey 

G ijk = Gij 3 = , Sij = Z didjWiz') (11) 

where W is a holomorphic function proved to be proportional to the superpotential that 
breaks M= 4 into M= 1 in the dual field theory. The complex coordinates z % on which W 
depends, are in the gauge theory the scalar components 4> l of the three chiral multiplets. 

This result can be generalized by carrying out a first order perturbation in all the bosonic 
fields, keeping the metric as in (|J) with ds\ being flat plus a first order correction. 



The supersymmetry variations of the dilation and gravitino in the Einstein frame are [15| 

B 



SX = - e Y T M d M re* + e -^T MNP G MNP e (12) 



6iP M = (D M + z j d M C) e + ^T M ^F Ml ... M5 T M e + (v^ R G PQR - 9T P ^G MPQ ) e* 

(13) 

where Dm is the covariant derivative with respect to the metric <?mat- 

The first order dilatino variation enforces r to be holomorphic and sets G^ to obey the 
first of the two conditions in (|11|) . The first order gravitino variation splits into two equations. 
One of them is exactly the same as in [ lT| , so the first order 3-form flux perturbation obeys 
all the conditions found there. The important ones for us are those in fllTD. The other one is 

(d m + ijd M c) e<°> + ^ (r^-^F Ml ... A , 5 r M ) (1) e <°) = (14) 



this Section we use Einstein frame quantities, and a complex spinor e, according to the conventions 
that are mostly used in supergravity literature. 
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where the subscripts (0) and (1) denote the order in the perturbation expansion. The first 
order product of Frg\ and gamma matrices involve the fist order perturbation in Fm as well 
as that of the metric. The supersymmetry of a configuration of D3/D7-branes, which has 
nontrivial holomorphic r that depends only on one of the complex coordinates, was worked 
out in |TJ]. In that case, the transverse metric has to be of the form 

ds% = 2(dz 1 dz 1 + dz 2 dz 2 + e'^dz dz) (15) 



If we consider a smooth deformation of this background, we can subtract off this perturba- 
tion from (|H|) and set r to a constant. We can also subtract off a perturbation of the 5-form 
field. Any such perturbation that preserves Lorentz invariance has to be of the form (HP, and 
the result of adding it it's just a perturbation of the warp factor proportional to /. Thus, we 
can also consider the 5-form flux and the warp factor as being unperturbed. Then, insisting 
that the supersymmetry parameter shouldn't depend on the longitudinal coordinates, the \i 
component of ( ^4[) tells us that 

<^.M 5 (r A/l - M5 ) (1) = ° ( 16 ) 



This is the same that appears in the m component of (|14]) . This means that from the first 
term in this equation, we finally find that the first order covariant derivative of has to be 
zero, which implies that the perturbed metric has to be Ricci flat. In summary, any smooth 
deformation of the D3/D7 system has to lie in the class studied in [[□]] (Eq.(|Tl|) for and 
a metric perturbation of the "warped Calabi-Yau" form). 

Going back to the interaction between the world-volume fermions and the background, 
Eq.(^|), we see that in the Af= 1 "perturbed D3/D7-brane background", the gaugino remains 
massless and there is no gaugino-A* fermion interaction. On the other hand, these fermions in 
the chiral multiplet acquire a mass proportional to the second derivative of the holomorphic 
function W. This fits nicely with M= 1 supersymmetry in 4-dimensions, where the mass of 
the chiral fermions is just the second derivative of the superpotential. We will follow this 
discussion in Section 6, after we have found the exact interaction Lagrangian. 



4 Couplings from ^-symmetric D3-brane action 

The supersymmetric extension of the Dirac-Born-Infeld and Wess-Zumino actions for a 
Dirichlet p-brane was worked out in [f§-|| in terms of supersymmetric space-time variables. 
It looks like the ordinary bosonic action. For a D3-brane in the string frame, it is 

S = -^J d A Ce-*yJ-det (g v • /•;, IJ.J + fji 3 J e F - B A C (17) 

The use of boldface indicates that the space-time field has been promoted to a superfield. 
Here 

C = © n C (n) (18) 
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is the collection of all RR potentials pulled back to the world- volume. 

The brane is embedded in superspace, labeled by the coordinate Z M = (x m , 9^) |. The 
M = 2 10-dimensional supersymmetry is realized as 59 = e, 5x m = eT m 9. The space-time 
fermions 9 are a pair of real sixteen-component Majorana-Weyl spinors. The IIB fermionic 
index /x has to be understood as the product of a Majorana-Weyl index and an SO (2) index 
(see Appendix A for more detail). 

To project a space-time index -bosonic or fermionic- into the world-volume we must 
contract with the coordinate differential dZ . Taking for example B( 2 ), the projection 
amounts to 



B vj = diZ M djZ Nl B MN = diX m d jX n B mn + 2d [i x m d 3] 6»B mfl + d^d^B^ (19) 



The superspace constraints for the superfields are solved in pq . Here, we will use a 
different approach. We will find the expansion of every space-time field in powers of 9 up to 
second order, using a method known as gauge completion. This method was developed for 



11-dimensional supergravity in |L(| and applied to IIA in the Einstein frame in ||. We will 
apply the same techniques in order to obtain the type IIB case in the string frame. For an 
alternative way to obtain the expansion of the vielbein, see [|17| . 



The idea of gauge completion is to compare the superspace diffeomorphisms of a given 
superfield with the supersymmetry transformation of the corresponding component field. A 
superspace diffeomorphism acts like 

SC M n = ^ P dpC M N + 2<9[m£ p Cp|at] (20) 

where E is the superdiffeomorphism parameter. To zeroth order in 9, it is 

S m = C m , Z a =e a (21) 

where ( m and e a are the usual diffeomorphism and supersymmetry transformation parame- 
ters. The space-time superfields are at zeroth order 





= e a 


e a 




e a 


= 




e a 








$ 




Bj Tm 


Bmn 


B m ^ 


= 



(22) 



2 In this and the following Sections, we use capital letter subindices to indicate bosonic as well as fermionic 
indices. a,b, ... refer to bosonic tangent space indices; m, n, ... are bosonic coordinate space indices; ... 
are world-volume bosonic indices and Greek letters refer to fermionic indices. 
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where indicates that all superfields with bosonic indices have as zeroth order component 
the corresponding bosonic field, and all the superfields with at least one fermionic index are 
zero. 

To obtain the first order terms, let us illustrate with the dilaton superfield $, to which 
we apply a superdiffeomorphism. This amounts to an ordinary diffeomorphism plus a su- 
persymmetry transformation. The latter has to be equal to the supersymmetry transforma- 
tion of the bosonic field 0, i.e. 

Z a d a § = e a d a ® = 5 e (f> = eX (23) 

which implies 

$ = (f) + e\ + <D(6 2 ) (24) 

The same can be done for the vielbein and the gauge potentials. For these, the second 
term in fl20|) doesn't contribute, except when performing a superdiffeomorphism to e^. In 
that case we have 

5e a m = tfdpe^ + d m e p e a p 
= e p d p e a m + d m e a 

= 5e a m = 5r m = d m e a + ... (25) 

so the derivative of the supersymmetry parameter cancels, and the first order vielbein with 
mixed components is equal to the supersymmetry variation of the gravitino without this 
derivative. 

To obtain the fermionic components of the fields we need to know £ to first order in 9. 
To that end, we perform the commutator of two superdiffeomorphisms on any superfield, 
say $, and make it equal to the commutator of two supersymmetries, i.e. 

W 2 ]$ = d a $ + (e?0«£f ) fyfc + ... - 1 2 (26) 

where ... indicates terms that involve the ordinary diffeomorphism parameter (. This should 
be equal to the commutator of two supersymmetries applied to the component field 0, which 
gives a combination of a diffeomorphism and a gauge transformation in the case of a gauge 
field, or a Lorentz transformation in the case of the vielbein. We are interested in the 
coordinate transformation, whose parameter is ( a = £ 2 r o £i. The second term in ( [26]) is zero 
for a bosonic background, while the first one is the coordinate transformation. We have then 

S a = C a - ^9T a e + O{0 2 ) (27) 

Now we can compute the first order term in the expansion of by performing a su- 
perdiffeomorphism 

= e%e«- 1 -(eT a )» (28) 
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this implies 

e£ = \(0n, (29) 

In the same way we can obtain B mM , C mA1 and C mnofJi , including in these cases the gauge 
transformations that arise when performing two supersymmetry transformations on a given 
gauge field (see appendix A for the form of the gauge parameters). 

To get the action to second order, we just need the second order expansion of the su- 
perfields with all bosonic components, and the first order expansion of the superfields with 
one fermionic index. The second order terms are obtained by the same argument as the first 
order ones. 

We will use static gauge, in which the coordinates that label the world-volume ( l are 
identified with the space-time coordinates x % . In that gauge, the space-time spinor 9 becomes 
a spinor in the world-volume. The superspace generalization of the action possesses a local 
fermionic symmetry called K-symmetry []18 . This symmetry allows us to remove half of 



the fermions by a gauge choice, making the number of fermionic degrees of freedom in the 
world-volume equal to the bosonic ones. We will work in a general gauge, where the two 
space-time Majorana-Weyl 9\ and 62 are related to the world volume spinor O by 



B x = a Q 9 2 = bO, a 2 + b 2 = l (30) 

Then the only nonzero fermion bilinears are those containing antisymmetric products of 
three or seven gamma matrices (cf Eq(|^)) with either a 1 , a 3 or no Pauli matrices multiplying, 
so many of the terms that appear to second order in the expansion of the superfields vanish. 
Inside a fermion bilinear, a 1 will be equal to 2ab and a 3 to a 2 — b 2 . 

Up to the order that we need in (second in the case of a bosonic component, and first 
in the case of fermionic), we get, for a bosonic background 





= el+ l -QY abc Qw mbc - ^-{a 2 -b 2 
8 lo 

+l2a6e^er-W; np -^2a6 


)QT an PQHmnp+ }_ 2abe 4 






e" 


= \(®n, 








e M 


= 








e a 










$ 


= <p-±(a 2 -b 2 )er^eH pqr -± 


-2abe <t> QY mnp QF' mnp + 








= B mn + \(a 2 - b 2 )QT ab [m 6 w n]ab 


^l2abe^QT mn p Qd p C + 
8 








= 1 -(a 2 -b 2 )(QT m ), 








r< 


= C mn - -2abe-*eT ab [m Q w n]ab + 


ha 2 -b 2 )QT mn p Qd p C- 
8 


vUabQT mn p Qd p <P 


+ CB mn \®2 + 
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Uab 






1 ( ^ 


mnop 




— (a 

48 v 


mnoft 


= + ... 





er 



iop ^ r qrs i ^g' 



where the +... in the second order B mn , C mn and C mnop and first order C mnoA1 are terms 
that are zero for our background, when projecting this fields to the world- volume. 

To second order in 0, the action ( |TTD for a background with 3- form flux orthogonal to 
the D3-brane, is 



S 



\e 2 Vab 



— = - I d%e~%l - $| ea ) {-det[ 9ij + 2%e"<9 j) x b e;\ @Vab + Zd^d^e^ 

+ Fij — | Q 3 + 2(9[j6 M B J -] At ]| 2 
+ie^| A [Ciifci + C yw |e» + 6% (C w] | 02 - 29 [fe 0^C % - C(B W | 02 - 2%6^B % ))j32) 

where e is the Levi-Civita tensor in the orthogonal frame, with values ±1. 
Inserting the expansions fl3"T| ) in ( P2[ ) and using, for the DBI part: 

de£ (1 + M) = 1 + -trM - -trM 2 + -(trM) 2 + C(M 3 ) (33) 
2 4 8 

we get, to second order in 9 and up to terms proportional to F, changing the background 
metric in (|I|) to the string frame, 

-c DBI = 0(e°) + z- 1 f-lePAe - ^-(a 2 - b 2 )er^ r QH pqr + ^a&e'er^eF' 

/X3 \ Z 4o 4o 

_I( a 2 _ 6 2) F u er.^.e + i^afoe^' er - m e9 m c) + o(e 4 , f 2 034) 

where C(©°) are the usual bosonic terms. 
For the Wess-Zumino Lagrangian, we get 

-C wz = 0(& ) + Z- 1 (j-(a 2 - 6 2 )e%^e(* 6 ^) Mr + j-2ab QT™ r Q( H H {3) ) pqr 

/X3 \4o 4o 

- ]-2ab [*Ff mDje + ±-{a 2 - b 2 )e*(*F) ij ©T^ m ©<9 m C + hab {*Ff QT t] m ©,9 m <A35) 
I lb o / 

Collecting (|3~4] ) and (pop, we get a D3-brane Lagrangian for the world- volume fermions 

—c = e>(e°) + z- 1 f-lerA© + -^e^er^eite \{a + z6) 2 (* 6 g - iG) pqr 

/I3 V z 4o L J 

- ^(a 2 - 6 2 )F i3 er^e - hab^F^QT.DjQ + — 2abe (f 'F ij er ij m ed m C 
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The world-volume fermions don't couple to the 5-form flux (or to the derivative of the 
warp factor) as we suggested in Section 2, and they couple to the derivative of the dilation- 
axion only through the field strength. As far as the coupling to the 3-form flux, they only 
couple to the combination (*eCr(3) — *^(3))- m the class of exact supersymmetric solutions to 
IIB supergravity studied in [[□], |T2" |, which includes the Klebanov-Strassler solution for the 



deformed conifold ||19|| , this combination is zero. In a more general class of supersymmetric 
and nonsupersymmetric solutions studied in PD| , where the localized sources obey a sort of 
BPS condition, the 3-form flux must also be imaginary self-dual. 

The couplings found in (|36D indicate that certain polarizations of the D3-brane have 
magnetic H-dipole moment, as well as magnetic D5-brane dipole moment. This in turn 
implies that some polarizations of the D3-brane will produce a generically nonzero value 
of the 3-form flux. In |1, the long range supergravity fields were worked out for the dif- 
ferent polarizations of a DO-brane. Having found the couplings between the background 
and the world-volume fermions to second order in the latter, we can obtain the long range 
supergravity fields produced by a D3-brane up to order r~ 5 . 



Gauge invariance and SL(2,H) duality 



The action found in fl36|) is both gauge invariant and SX(2, R) self-dual (when written in the 
Einstein frame). Let's first show this for the term involving the coupling to the three-form 
flux. In the Einstein frame (see Eqs.(j52|) and (|)3|) below), this coupling is 



48 



e^Re 



(a + ibf (* 6 G - iG) 



pqr 



er pqr e 



Under an SL(2, R) transformation 
, ar + b 



m 



FL 



CT + d \ ±- (3) 

the combination appearing in (|37|) picks up a phase 

e- ia e^G< 



d c 
b a 



H, 



(•3) 



r (3)> 



(3) 
? (3) 



cr + d 
\cr + d\ 



(37) 



(38) 



(39) 



(40) 



Also under gauge transformations this combination picks up a phase 

(a' + ib') 2 = e l/3 (a + ib) 2 
Any one of these phases can be removed by a chirality rotation in the fermion 

whose action on (|3?j ) is 



Re 



:* 6 g - iG) pqr 



er^e' = Re 



-2iS 



(* 6 G - iG) 



pqr 



e r pqr e 



(42) 
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Setting 5=| or 5 = — | we can absorb the phases that appear when we change the gauge 
or perform an SL(2, R) transformation. This part of the action is then both gauge and 
SL(2, R) invariant. 

The terms that involve the field strength in (^6]) are also gauge invariant and self-dual. 
In the Einstein frame, using again the equations below and (1531), these are 



^(Einstein) 

^3 



e>(0°) + o(F°,e 2 



+ z- 



'2 [a 



b 2 )e-^F ij eViDjO - )-2abe~^{*F) ij QTiDjQ 



+ —2abe^F ij QTi 
16 



ed m c + — (a 2 - b 2 )e^{*F) ij er y m e d m c 



16 



- —{a 1 - b 2 )e-^F^ 61^6 d m <P + -2ab e"^(*F)^ 61^ m 6 9 m ^43) 

where the terms proportional to the derivative of the dilaton come in part from translating 
to the Einstein frame the term in (|36"D containing the covariant derivative of the fermion 
coupled to the field strength. 

The first term linear in the filed strength is zero from 



eriyedjAi 



_e prv i Q)d J A i 



(44) 



where in the second equality we used the equation of motion in a fermion bilinear 0P.DjO = 
0. Moving the first term to the left hand side, we get the combination that appears in 
the action, which is zero after integrating the second term by parts and using the Bianchi 
identity dF = 0. The same can be shown for the second term, involving *F. 
The remaining four terms in (El) can be combined in the form 



— Ira 
16 



(a + ib) 2 (F + i*FY^ 



er„ m e 



(45) 



This is obviously invariant under C — C + 1, and we will show that it is also invariant 
under an S-duality r' = — -, along the lines of Seiberg and Witten's prove of S-duality in 
J\f = 2 super Yang Mills f2]J. Introduce a Lagrange multiplier vector field Ad, add to the 
Lagrangian a term \{*Fb)^ Fij and integrate out F. The result of doing this is the usual 
bosonic term with F replaced by Fjj and r replaced by — -, and for the term involving the 
fermions, we get 
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-Im 



{a + ibf{F D + i*F D ) 



(46) 
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But this is just what we would get if we change r in fliSD by — -, up, again, to a phase 
transformation, i.e. 

<Vr _ d m r ^_ ia ^ 



'T 2 r y /r 2 

where a was defined in (|39|), and in the present case c = 1, d — 0. A gauge redefinition also 
amounts to adding a phase, as in (40) . Any two of these phases can now be absorbed by a 
duality rotation of the world- volume field strength. 

We have thus shown that the action is gauge invariant, and is invariant under r — > r + 1 
and r — > —-, making it SX(2,R) self-dual. It is nice to see how both symmetries act in a 
similar way, adding a phase that can be removed by a redefinition of a world-volume field. 



5 T-duality of DO-brane Action 

The interactions between world-volume fermions and the supergravity background for a DO- 
brane to order B 2 have been worked out in the Einstein frame in |J. The explicit form of 
the action is shown in the weak field limit, keeping only terms linear in the background field. 
But it is not hard to get the action including nonlinear terms, as well as terms involving 
time derivatives of O, that they set to zero. It is 

S=-^oJ ~ ^le*) ((~9mn - 2e Ma e a N \ e2 )x M x N - 2&e« Vab x b ) h 

+ im> I dr {C M + C M | e2 ) x M + 6^ t | (48) 



where boldface fields are superfields, and the indices M, N are bosonic indices that run over 
time and space. 

The expansions found in |J for a bosonic background, in the gauge r n O = — G are 





e a m = e a m + ^er abc Qw mbc + -^e-^®T m °v®H a op + —e-^QT an0 QH n 

64 64 



-^e-^e a m QT^QH nop 



e 



m ^ m " 1 " no 192^ ^ " ' " mnop 



B mn = --e^QT [m °PQw n]op - — er [m op QH n]op - -e^QT m JQd p 
Cm = C m - ^er m "°6F no - ^ e -^QY nop QF' mnop 
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c M = -- e -^(er n ) M (49) 



l _3. 
— < 

2 

Inserting ((49|) in fl48|) and expanding the square root in the DBI part we get, to first order 
in the velocity and second order in Q 

1 



^oV~9oo 



Cdbi = 0(0 



0\ 



+ ^e-^QT m ^QH mnp - -L e -^er 0mn QH 0mn - ^e-^Qr 0mn Ow 0mn - V§*er 6 

+ (-^e-^er H »*ewW np - ± e -^er H "*eif "°> np - l e ~l V°©r m e) ± m (50) 

where the indices m,n, ... run over spatial directions only. 
The Wess-Zumino part of the action gives 

jL wz = o(e°) - ^Qr mn QF mn - ^e-^er^e^ mnp 

^er m ^QF np + ^e-^er^e^) * m (51) 

This result is given in the Einstein frame, and we would like to change it to the string 
frame. We expect to have an overall factor of y/goo( s tring)^~^ i n front of the Lagrangian. 
Using g mn ( E instein) = g mn{string) , which implies 

\j ~ 9 '(4) (Einstein) = & ^ \J ' ~ 9(4)(string) > ~^ (Einstein) = (string) 

W mp(Einstein) "^^[m < t > ^p\(string) ^ mp(string) ('^2) 

-where a hat is used to remind that the indices are tangent space indices- we get that the 
fermion 9 should transform as 

@ (Einstein) 6 8 9(string) 

(53) 



This agrees with the rescaling of the spinors found in |22| and also with the way the super- 
symmetry parameter e transforms |23|] . Every RR field also transforms as F( n ^ Einstein -) = 



e-*F ( 



(n)(string) • 

In the string frame, the DO-brane Lagrangian is then 

DBI (string) = 0(Q°) 



f L o\ / ~9oo 

'U. 

.48 p 16 8 2 



+ e"* ( ^QT mnp QH mnp - ^er 0mn GH 0mn - l -QT 0mn Qw 0mn - '-QT'Q 



+ e~+ (-^er H np Qw^ np - % -QT {m \ n PQH^ np - ^ 00 6r m e) x m (54) 



3 We have assumed that the metric splits into a time-time component and space-space components. This 
must hold if we want the T-dual metric to look like (Q) . 
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for the DBI part, and 



jC wz{strin9) = o(e°) + e-* (^er ™eF mn - ^er-w ' mnp 

for the Wess-Zumino. 

We want to T-dualize this action in the 1,2 and 3 directions to get the D3-brane action. If 
we implement T-duality in n directions labeled by i,j, ... the NS-NS and R-R fields transform 
as (see for example @) 

Gab = Gab - GaiG^Gjb 
Gai = G^Gaj 
Gia = -GjaG Jt 



1 3 

G,, = G ij 



lndet(Gij) 



nq _ 1 h...i n Mn+q-2k) 

^ai...a q _ k ii...i k ^ai...a q - k i k+1 ...i n 

A 1 = x i (56) 

where the fields with tilde are the T-dual fields, A 1 is the world-volume gauge field, and we 
have defined 

Gab = 9ab ~ B ab 

C (n) = C (n) _ c (n-2) A g + /\ ^ /\ B + ... (57) 

We want our T-dual metric to be of the form ([!]) multiplied by eh^ to change it to the 
string frame, and the NS-NS and R-R T-dual 2-form fields to be orthogonal to the 3-brane. 
From (]56f) we see that Bm) has to be originally orthogonal to it, and = e^Z~^rjij. 

Let's start with the velocity-independent terms in the DBI action (|54]). The first one 
T-dualizes to 

^-9m{st n n 9) e-^QT mnp QH mnp -> ^Z- x Q{Y mnp H mnp - 6T iab w iab )Q (58) 

This, together with the third and fourth terms in (|54|) , give the covariant derivative of 
G along the directions of the D3-brane: |BP.Dj0; i = 0,1,2,3. The second term in flM| ) 
vanishes when T-dualizing, by the condition of Lorentz invariance. 

As far as the T-dual of the velocity-independent terms in the Wess-Zumino Lagrangian 
(j55|), the first one T-dualizes to zero according to the Lorentz-invariance condition, and in 
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the second one: 

i i 

pi - n n M _J-jk/~i _J,3k(~i it (x,q\ 

where in the first equality we imposed the condition that the fields are time independent, 
and if (3) doesn't have a time component. Using, in form notation, 

dC {6) = -e+ * (F (3) - C H {3) ) + (7(4) A F {3 ) (60) 

and combining it with the first term in (|58|), coming from the DBI Lagrangian, we get 

4g e ui u^ 0mnp + 4g 



^Z^QT^QRe \(HG) mnp - iG mnp \ (61) 

The terms proportional to the velocity, when T-dualizing, will give terms proportional to 
the world-volume field strength. So the terms we have just found are all the renormalizable 
terms on the world-volume. Collecting them, we get from T-duality that the renormalizable 
terms in the D3-brane Lagrangian 

Cm = o(e°) + z- 1 (-lePAe - ^er m ^eRe [(* 6 G) mnp - tG mnp ]^ (62) 

where % runs fron to 3. 

This interaction between the world-volume fermions and the 3-form flux is exactly as 
found in the previous section (p6[)p| in the gauge (a, b) = (1,0), providing a check of our 
results. 

As for the terms involving the DO-brane velocity in the DBI Lagrangian (51), the first 
and the last one combine to give a covariant derivative of the spinor, that T-dualizes to 

- le-^g^mDoe x< - -Z^QT^QF™ (63) 

as appears in the D3-brane calculation d36|). The second one gives zero for our background. 

In the Wess-Zumino action (|55[) , the first term proportional to the velocity is zero after 
performing T-duality, and the second goes to 

- ^e-^er^ei^r* - ^z-'er^ed^F^ (64) 

This term is also in complete agreement with those found in the previous Section, also in 
the gauge (a, b) = (1,0), concluding our check of the world-volume fermionic action for a 
D3-brane. 

From our results, it seems that the gauge choice r n O = —0 in the IIA case corresponds 
to the choice (a, b) = (1,0) (Eq. flSUP) in the IIB case. Anyway, we showed in the D3-brane 
case that the action is gauge invariant. 

4 The difference in factors of i come from the T matrices, which are taken to be real in Section V, while 
in they were chosen to be imaginary. 
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6 Gauge Theory on the D3-brane 



Splitting the spinor O in 10- dimensions into a 4- dimensional gaugino and three fermions A* 
in the chiral multiplet as we did in Section 2, we can interpret our results in terms of gauge 
theory on the D3-brane. 

From the kinetic term for we get the kinetic terms for the gaugino and X 1 fermions^ 

\z- 1 Cj&dpX + ^d^) (65) 



2 

where the covariant derivative reduced to an ordinary derivative, since 

eyx a T a6 e = -^d m inzev m e = o (66) 

from fl7|). As far as the interaction terms, in the first place, from the combination (*eG(s) — 
iGfgyf that we get in the renormalizable part of the action, only Gijk, Sij and Gy J survive. 
So, from (|36|) and (|9|), the renormalizable fermion-fermion interactions in the D3-brane are 

(xWRetfy) + XipReiGij j ) + ^Re(G ijk )) (67) 

These components of the 3- form flux are in general functions of the coordinates z\ which 
are in the gauge theory the scalar partners of A*. When the D-brane is located at some z i , 
these scalar fields acquire a vev, giving masses to the fermions. 

In low energy effective M = 1 supersymmetric theories, these terms are constructed 
from the superpotential and the auxiliary fields F and D in the chiral and vector multiplet 
respectively 

1 • ■ d 2 W % dr ■ ■ dr 

£ - = -5 vx 'Ww + T2 D - F ' W** + (68) 

where +... stands for kinetic terms, and terms involving the gauge field. 

The term involving the mass of the fermions in the chiral multiplet fits nicely, as we 
mentioned in Section 3, with the result obtained in fllf , where the symmetric combination 



of (1, 2) components of G(g) was found to be proportional to the superpotential in the field 
theory. 

The tree level gaugino mass is associated to F-term supersymmetry breaking. Comparing 
Eqs.(|67j) and (|68|), we see that this breaking comes in the 10-dimensional theory from the 



(3,0) piece of the 3-form flux. Going back to (|12D , we see indeed that if the dilaton is 
holomorphic, a nonzero (3, 0) piece of Grg\ breaks all the supersymmetry. 

Finally, the coupling between the matter fermions and the gaugino, is associated with 
D-term supersymmetry breaking. Again, comparing with (0), we see that this breaking 

5 In this Section, since we are dealing with ordinary space, we go back to the conventions used at the 
beginning, where Greek subindices label directions along the D3-brane. 
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comes from the nonprimitive (2, 1) 3-form flux, whose nonzero vacuum expectation value 
also breaks supersymmetry in the 10- dimensional theory. 

Supersymmetry breaking in the field theory is mediated in this scenario by bulk super- 
gravity fields. For other mechanisms of supersymmetry breaking in brane-world models see 
P^fl and references therein. 

The other terms in (|36|), which have one power of the field strength, give in 4-dimensions 

er^ m (F + i* *V d m r ~ <**A W^F + i * F)^ d- k r + \ l a»a v ^(F + i * <9;T (69) 

These are transition electric and magnetic moments for the fermions in the chiral multi- 
plet. In general, with multiple D3-branes, those fermions would be the quarks and leptons of 
the gauge theory. Considering the case of the neutrinos, transition moments have been spec- 
ulated to be a possible explanation to the solar neutrino problem (see p5j and references 



therein). Models including neutrino transition magnetic moments both in the Standard 
Model J29] -including a fourth generation neutrino- and in the softly broken MSSM |Z7| 



keeping an unbroken l e — L symmetry- have been built. 



7 Conclusions 

We have found the coupling between the world-volume fermions on a D3-brane and an 
£0(3, l)-invariant IIB supergravity background, to second order in the fermions. These 
only couple directly to the NS-NS and R-R 3-form flux, which implies that a single D3- 
brane in certain states has H(g) and F(3)-dipole moments. The 3-form flux appears in the 
combination (*6^(3) ~~ ^(3))> which is closely related to the equations of motion of type 
IIB supergravity. There are particular classes of supersymmetric and nonsupersymmetric 
exact solutions where this combination vanishes, rendering the background transparent to 
the brane (the bosonic world- volume degrees of freedom don't couple either to the 3-form flux 
when it is orthogonal to the brane). We have also found that the world- volume gauge field 
couples linearly only to the derivative of the dilaton-axion. We proved gauge invariance and 
SL(2, R) duality of the action, noting that gauge redefinitions and SL(2, R) transformations 
act in a fashion that can be offset by redefinitions of world-volume fields. 

By splitting the £0(9, 1) spinor 6 into representations of £0(3, 1) (g> £0(6), we inter- 
preted our results in terms of 4-dimensional gauge theories. The spinor splits into a Weyl 
spinor in the M = 1 vector multiplet -photino- and three Weyl spinors each one in an M = 1 
chiral multiplet -"matter fermions"-. The coupling to the 3-form flux corresponds to mass 
terms for the photino and matter fermions, as well as a photino-matter fermion interaction. 
The component of the 3-form flux that gives mass to the photino, the (3,0), as well as 
the component that appears in the photino-matter fermion interaction -nonprimitive (2, 1)- 
break supersymmetry in the 10- dimensional IIB background. We saw that in 4-dimensional 
supersymmetric theories, these interactions come from F and D-term supersymmetry break- 
ing. On the other hand, the mass matrix for the matter fermions, which comes from the (1, 2) 
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piece of G(3), can be nonzero in a supersymmetric background corresponding to a D3/D7- 
brane system plus a 3-form flux perturbation. In the case of a background corresponding 
only to N D3-branes plus a 3-form flux perturbation, which includes the Polchinski-Strassler 
solution IpSj , this vev was found in JTTJ] to be proportional to the second derivative of the 
superpotential that breaks M = 4 into TV = 1 in the field theory. These two pieces fit nicely, 
since in supersymmetric 4-d gauge theories the mass matrix for the fermions in the chiral 
multiplet is given by the second derivative of the superpotential. 

When there is a nonzero gauge field on the D3-brane, we showed that there is a flavor 
changing dipole moment proportional to the antiholomorphic derivative of the dilaton-axion, 
as well as a matter fermion-photino dipole moment proportional to its holomorphic deriva- 
tive. In a IIB supersymmetric background with 4 supercharges, the dilaton is holomorphic 
or antiholomorphic depending whether we have D3 or anti D3-branes. In the cases consid- 
ered before, the dilaton is holomorphic, and only the matter fermion-photino dipole moment 
survives in these supersymmetric backgrounds. 

The results here obtained completely agree with the ones obtained in || for a DO-brane, 
after performing T-duality in three directions. They provide a very useful result for brane- 
world models and in general for D-brane phenomenology. The generalization to several 
D3-branes shouldn't be hard to obtain, and it can be used for the construction of realistic 
models of nature built from D-branes in background fluxes. 
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Appendix 

Throughout the paper, we use two different conventions with respect to indices, according 
to what's most convenient in each case. In Sections 2,3 and 6, where we deal with ordinary 
space-time, upper case Latin indices refer to the entire ten-dimensional space-time, and 
lower case Greek indices refer to 4-dimensional space-time. For the 6-dimensional space, 
we use m,n,.. when dealing with a real basis, and i,j,... for a complex basis. In Sections 
4 and 5, when working in superspace, upper case Latin indices refer to any index, bosonic 
or fermionic. Lower case Greek indices are fermionic indices and lower case m,n,... refer to 
bosonic coordinate basis indices; a,b,... refer to bosonic tangent space indices and i,j... are 
bosonic world-volume indices. 
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We use 32-component Majorana-Weyl spinors 6 IAt , where the index /x should be viewed as 
a composite index, product of a Majorana-Weyl index and an SO (2) index. The generators 
of the S0(2) may taken to be a 1 , ia 2 , a 3 , where cr's are Pauli matrices. A possible correspon- 
dence with the complex formalism used in supergravity papers is o x Q — > i9*, ia 2 Q — > — i6, 
a 3 6 — > 9*. The Dirac gamma-matrices are also extended, and they obey {V , V } = 2g MN 
times a delta in the SO (2) index. All fermions and Gamma matrices are thus real. 

The T's may be decomposed 



= 7(5) ® 7 



(70) 



where 7 M and 7™ are Dirac gamma matrices corresponding to SO(3, 1) and SO (6) respective- 
ly. The 4-dimensional chirality matrix is 



7(5) 



4! 



e^Ap7 



fiuXp 



where £0123 = y/—9(4) — Z 1 . In the 6-dimensional space, the chirality matrix is 



7(7) 



6! 



mnopqr 



(71) 



(72) 



and 



7(ii) = 7(5)7(7) (73) 
The supersymmetry transformations for the fields in type IIB in the string frame are 

\T M d M <Pe - ^T MNP H MNP a 3 e - \e* T M F M (*a 2 ) e - j-/T MNP F' MNP a 1 e 



5X 

8i> M 



D M e + \e+ T N T M F N (ta 2 )e - l -T p ^H MPQ a 3 e + -U* T P ^ R T M F' PQR ah 
o o 4o 

+ T ^e*r p Q RST F PQRST r M (ia 2 )e 



5e a m = eYy m 
5(J) = eX 
SB mn = 2ea 3 T [m ip n] 



SCr, 



-2e * ea l T [m [tp n] - ^n]X 



C5B r . 



mnop 



4e e(ia )T [mno j^ P ] - ^jA) + 12 C^B^ 



where Dm is the covariant derivative with respect to the metric, and the modified field 
strengths F' are 



F (3) 



dC, 



(2) 



CH, 



(3) , 



4) 



dC, 



(4) 



H(3) A C(2) 



(74) 
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The commutator of two local supersymmetries on a gauge field gives a combination of a 
coordinate and a gauge transformation. For any field to which the commutator is applied, 
the resulting coordinate transformation is 

( m = £ 2 r £l (75) 

and the gauge transformations are 

A*=CB mn -e 2 a 3 r m e 1 (76) 
for the NS-NS 2-form field B {2) , and 

Ag = CC + e-*e 2 a 1 T m£l - Ce 2 a^e, 

A mnp = CCqmnp + T^"^ 2 (^Wrnnp^l ~ 3 C[ mn E 2 (T^Yp^Ei (77) 

for the R-R 2- and 4-form fields Ct 2 \ and C( 4 ) respectively 
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